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In the pure spinor formalism for the superstring and supermembrane, supersymmet-
ric invariants are constructed by integrating over five θ’s in d=10 and over nine θ’s in
d=11. This pure spinor superspace is easily explained using the superform (or “ecto-
plasm”) method developed by Gates and collaborators, and generalizes the standard chiral
superspace in d=4. The ectoplasm method is also useful for constructing d=10 and d=11
supersymmetric invariants in curved supergravity backgrounds.
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1. Introduction
The conventional method for constructing supersymmetric invariants is to integrate
superfields over a superspace which contains both xm and θα variables. The number
of θ’s which must be integrated depends both on the spacetime dimension and on the
constraints satisfied by the superfields. For example, d=4 supersymmetric invariants can
be constructed either by using real superfields and integrating over four θ’s, or by using
chiral superfields and integrating over two θ’s. Although it is somewhat non-trivial to
generalize these d=4 supersymmetric invariants in a curved supergravity background, this
can be done by inserting the appropriate constrained supervielbeins into the superspace
integral.
This conventional method for constructing supersymmetric invariants is less useful
in higher spacetime dimensions which involve more θ’s. For example, the construction of
d=10 super-Poincare´ invariant expressions using unconstrained superfields would require
integration over 16 θ’s, which means that the supersymmetric invariants typically involve
terms with eight spacetime derivatives. Although one can try to define constrained d=10
superfields which allow integration over fewer than 16 θ’s, finding an appropriate set of
constraints is not easy. Furthermore, if one finds a suitable set of constraints, it is not
obvious how to generalize them in a curved supergravity background.
Over the last six years, an appropriate set of constraints for d=10 and d=11 superfields
has been discovered using the pure spinor formalism for the superstring and supermem-
brane [1][2]. Using the constraints coming from these pure spinor formalisms, d=10 and
d=11 supersymmetric invariants in a flat background have been constructed involving
as few as two spacetime derivatives. These supersymmetric invariants naturally arise as
on-shell scattering amplitudes in the pure spinor approach.
For example, N=1 d=10 supersymmetric invariants can be constructed from a super-
field fα1α2α3(x, θ) which satisfies the constraint
λβλα1λα2λα3Dβfα1α2α3(x, θ) = 0 (1.1)
where α = 1 to 16 is a d=10 spinor index, Dα =
∂
∂θα
+ γmαβθ
β is the superspace derivative,
and λα is a bosonic spinor satisfying the pure spinor condition that λγmλ = 0 for m = 0
to 9. The N=1 d=10 supersymmetric invariant is then obtained by integrating over five
of the 16 θ’s as
T ((α1α2α3))[δ1...δ5]
∫
d10x
∫
(d5θ)δ1...δ5 fα1α2α3(x, θ) (1.2)
1
where
Tα1α2α3 δ1...δ5 = γα1δ1m γ
α2δ2
n γ
α3δ3
p (γ
mnp)δ4δ5 (1.3)
and T ((α1α2α3))[δ1...δ5] is obtained from (1.3) by antisymmetrizing in the δ indices, sym-
metrizing in the α indices, and subtracting γ-matrix trace terms in the α indices so that
γmα1α2T
((α1α2α3))[δ1...δ5] = 0. For example, the cubic d=10 super-Yang-Mills coupling is
given by (1.2) where fα1α2α3 = Aα1Aα2Aα3 and Aα(x, θ) is the on-shell super-Yang-Mills
spinor gauge superfield [1].
One can also construct N=2 d=10 supersymmetric invariants from a superfield
f
α1α2α3β̂1β̂2β̂3
(x, θ, θ̂) which satisfies the constraints
λγλα1λα2λα3 λ̂β̂1 λ̂β̂2 λ̂β̂3Dγfα1α2α3β̂1β̂2β̂3
(x, θ, θ̂) = 0, (1.4)
λ̂γ̂ λ̂β̂1 λ̂β̂2 λ̂β̂3λα1λα2λα3D
γ̂
f
α1α2α3β̂1β̂2β̂3
(x, θ, θ̂) = 0,
where α = 1 to 16 and β̂ = 1 to 16 are d=10 spinor indices which are either of oppo-
site chirality (for N=2A) or of the same chirality (for N=2B), Dα =
∂
∂θα
+ γmαβθ
β and
D
α̂
= ∂
∂θ̂α̂
+γm
α̂β̂
θ̂β̂ are the N=2 superspace derivatives, and λα and λ̂β̂ are bosonic spinors
satisfying the pure spinor conditions that λγmλ = λ̂γmλ̂ = 0. The N=2 d=10 supersym-
metric invariant is then obtained by integrating over five θ’s and five θ̂’s as
T ((α1α2α3))[δ1...δ5]T ((β̂1β̂2β̂3))[̂γ1...̂γ5]
∫
d10x
∫
(d5θ)δ1...δ5
∫
(d5θ̂)
γ̂1...̂γ5
f
α1α2α3β̂1β̂2β̂3
. (1.5)
Finally, d=11 supersymmetric invariants can be constructed from a superfield
fα
1
...α
7
(x, θ) which satisfies the constraint
λγλα1 ...λα7Dγfα
1
...α
7
(x, θ) = 0 (1.6)
where α = 1 to 32 is a d=11 spinor index, Dα =
∂
∂θα
+ γ
m
αβθ
β is the d=11 superspace
derivative, and λα is a bosonic spinor satisfying the condition that λγmλ = 0 for m = 0 to
10. The d=11 supersymmetric invariant is obtained by integrating over 9 of the 32 θ’s as
T ((α1...α7))[δ1...δ9]
∫
d11x
∫
(d9θ)δ
1
...δ
9
fα
1
...α
7
(x, θ). (1.7)
As in d=10, T ((α1...α7))[δ1...δ9] is a Lorentz-invariant tensor which is antisymmetric in the
δ indices and symmetric γ-matrix traceless in the α indices. The explicit expression for
2
T ((α1...α7))[δ1...δ9] in terms of γ-matrices is a bit more complicated than in d=10, however,
it can be defined indirectly through the formula
(λγm1θ)...(λγm9θ) = T ((α1...α7))[δ1...δ9]λα
1
...λα
7
θδ
1
...θδ
9
(λγm1...m9λ) (1.8)
for any [m1...m9].
The d=10 and d=11 supersymmetric invariants of (1.2), (1.5) and (1.7) were origi-
nally constructed by looking for elements of top ghost number in the pure spinor BRST
cohomology [3][1][2]. Using the N=1 d=10 nilpotent BRST operator QN=1 = λ
αDα [3],
the top element in the BRST cohomology is[1]
(λγmθ)(λγnθ)(λγpθ)(θγmnpθ). (1.9)
Since (1.9) cannot be written as the supersymmetric variation of a BRST-closed operator,
and since (1.2) selects out the component of λαλβλγfαβγ proportional to (1.9), (1.2) is
supersymmetric if λαλβλγfαβγ is BRST closed, i.e. if fαβγ satisfies (1.1). Similarly, the
top element in the cohomology of the N=2 d=10 BRST operator QN=2 = λ
αDα + λ̂
α̂D
α̂
is
(λγm1θ)(λγm2θ)(λγm3θ)(θγm1m2m3θ) (λ̂γ
n1 θ̂)(λ̂γn2 θ̂)(λ̂γn3 θ̂)(θ̂γn1n2n3 θ̂), (1.10)
and the top element in the cohomology of the d=11 BRST operator Qd=11 = λ
αDα is[2]
λα
1
...λα
7
T ((α1...α7))[δ1...δ9]θδ
1
...θδ
9
. (1.11)
So (1.5) and (1.7) are supersymmetric if
QN=2(λ
αλβλγ λ̂α̂λ̂β̂ λ̂γ̂f
αβγ α̂β̂γ̂
) = 0 and Qd=11(λ
α
1 ...λα7fα
1
...α
7
) = 0, (1.12)
i.e. if (1.4) and (1.6) are satisfied.
Although this pure spinor construction is hard to understand using the conventional
method for constructing supersymmetric invariants, it will be easy to explain this construc-
tion using the superform (or “ectoplasm”) method developed by Gates and collaborators
[4][5] for constructing supersymmetric invariants. The superform (or “ectoplasm”) method
will also be useful for generalizing these d=10 and d=11 invariants in a curved supergravity
background.
3
When constructed using the superform method, the invariants of (1.2), (1.5) and (1.7)
will turn out to be natural d=10 and d=11 generalizations of chiral superspace integrals
in four dimensions. This is not surprising since, as was shown in [6], there exists a four-
dimensional version of the pure spinor formalism whose scattering amplitudes compute
chiral F-terms in the d=4 effective action.
In section 2 of this paper, the superform method for constructing N=1 and N=2 super-
symmetric invariants in four dimensions will be reviewed. And in section 3, the superform
method will be used to construct the N=1 d=10, N=2A d=10, and d=11 supersymmetric
invariants of (1.2), (1.5) and (1.7). Surprisingly, the N=2B d=10 supersymmetric invariant
of (1.5) does not have an obvious construction using the superform method.2
2. Review of Superform (or “Ectoplasm”) Method
The superform (or “ectoplasm”) method was developed in papers by Gates [4] and by
Gates, Grisaru, Knutt-Wehlau and Siegel [5], and has connections with work on “rheon-
omy” [9][10] and brane embeddings [11][12]. The superform method has previously been
used to reproduce supergravity actions [4][5], to construct new supersymmetric invariants
in three [13], four [14] and six [15] dimensions, and to construct supersymmetric Chern-
Simons terms in any dimension [16]. The relation between the superform method and
the pure spinor constructions has some similarities with the superaction formalism of [17]
and with the relation found by Cederwall, Nilsson and Tsimpis [18] between maximally
supersymmetric deformations and spinorial cohomology.
The basic idea of the superform method is to look for a closed superform JM1...Md(x, θ)
where d is the dimension of spacetime and M = (m,µ) is either a spacetime vector index
m or a spacetime spinor index µ. Note that superforms are graded-antisymmetric, i.e.
they are antisymmetric in the vector indices and symmetric in the spinor indices. In terms
of JM1...Md(x, θ), the supersymmetric invariant is given simply by
I =
1
d!
ǫm1...md
∫
ddx Jm1...md(x, θ = 0). (2.1)
2 Some of the results in this paper on N=1 d=10 and N=1 d=11 invariants were discussed
in a talk given by Paul Howe in January 2005 [7]. The contents of this talk, together with later
developments, can be found in [8].
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When JM1...Md is closed (i.e. ∂[NJM1...Md) = 0 where [ ) denotes commutator for vector
indices and anticommutator for spinor indices), I is supersymmetric since
∫
ddx
∂
∂θµ
Jm1...md(x, θ) =
(−1)d+1
(d− 1)!
∫
ddx ∂[m1Jm2...md]µ(x, θ) = 0 (2.2)
if one ignores surface terms.
Furthermore, this method is easily generalized to a curved supergravity background
by defining
I =
1
d!
ǫm1...md
∫
ddx eAdmd(x)...e
A1
m1
(x) JA1...Ad(x, θ = 0) (2.3)
where A = (a, α) are tangent-superspace indices, eam(x) and e
α
m(x) are the vielbein and
gravitino, JA1...Ad(x, θ) is a covariantly closed d-superform satisfying
D[BJA1...Ad) =
d
2
T[BA1|
C JC|A2...Ad), (2.4)
and TAB
C is the supertorsion. The formula of (2.4) can be derived from the relation
EAd ...EA1JA1...Ad = dZ
Md ...dZM1JM1...Md (2.5)
where EA = dZMEAM is the vielbein superform, E
A
M is the supervielbein, dZ
M =
(dxm, dθµ), and ∂[NJM1...Md) = 0. Note that I of (2.3) is invariant under the gauge trans-
formation
δJA1...Ad =
1
(d− 1)!
D[A1ΛA2...Ad) −
1
2(d− 2)!
T[A1A2|
CΛC|A3...Ad) (2.6)
since under (2.6), δJm1...md =
1
(d−1)!∂[m1Λm2...md).
Solving (2.4) for JA1...Ad only requires knowledge of the supertorsion and supercur-
vature, so the explicit superfield for the supervielbein is unnecessary for constructing the
supersymmetric invariant of (2.3). Since the supervielbein is usually a complicated super-
field, this is a big advantage over the conventional approach to constructing supersymmetric
invariants in a curved background.
In looking for solutions to (2.4) in a flat background where the only non-zero torsion
is Tαβ
c = γcαβ , it will turn out that Ja1...ad(x, θ) with all vector indices can be related to
Ja1...ad−Nβ1...βN (x, θ) with d−N vector indices by acting with N spinor derivatives, i.e.
Ja1...ad(x, θ) = Dγ1 ...DγNJa1...ad−Nβ1...βN (x, θ) (2.7)
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where the index contractions on the right-hand side of (2.7) need to be worked out. Further-
more, one finds that when N is larger than some fixed value L, Ja1...ad−Nβ1...βN (x, θ) = 0.
So in a flat background, the supersymmetric invariant can be written as
I =
1
d!
ǫa1...ad
∫
ddx Ja1...ad(x, θ = 0) =
∫
ddx Dγ1 ...DγLJa1...ad−Lβ1...βL(x, θ = 0) (2.8)
=
∫
ddx
∫
(dLθ)γ1...γL Ja1...ad−Lβ1...βL(x, θ)
for some contraction of the spinor and vector indices. Determining the conditions for
Ja1...ad−Lβ1...βL(x, θ) to satisfy (2.4) is equivalent in the conventional approach to finding
the appropriate set of constraints for the superfields which allow integration over L θ’s.
2.1. N=1 d=4 invariants
To reproduce the standard N=1 d=4 chiral superspace integral using the superform
method, one imposes that the maximum number of spinor indices on JA1...A4(x, θ) is two
and that [19]
Jabγδ(x, θ) = (γab)γδV (x, θ), Jabγ˙δ˙(x, θ) = (γab)γ˙δ˙V (x, θ), (2.9)
where a = 0 to 3 are vector indices, α = 1 to 2 and α˙ = 1 to 2 are Weyl and anti-
Weyl spinor indices, V and V are chiral and antichiral superfields satisfying Dγ˙V = 0 and
DγV = 0, and (γab)γδ and (γab)γ˙δ˙ are the self-dual and anti-self-dual two-form γ-matrices.
In a flat background, the only non-zero torsion is Tαβ˙
c = σc
αβ˙
and the chirality con-
ditions on V and V come from the constraints that D(αJβγ)ab = 0 and D(α˙Jβ˙γ˙)ab = 0.
Furthermore, the gauge parameter Λabc of (2.6) can be used to gauge Jabαβ˙ = 0. The
constraints Dα˙Jabβγ = Tα˙(β
cJγ)abc and DαJabβ˙γ˙ = Tα(β˙
cJγ˙)abc imply that Jabcγ =
ǫabcdσ
d
γβ˙
Dβ˙V and Jabcγ˙ = ǫabcdσ
d
βγ˙D
βV . And the constraint D(α˙Jα)abc = Tαα˙
dJdabc im-
plies that Jabcd = ǫabcd(DαD
αV +Dα˙D
α˙V ). So the supersymmetric invariant is
I =
1
4!
ǫabcd
∫
d4xJabcd =
∫
d4x(DαD
αV +Dα˙D
α˙V ), (2.10)
which reproduces the standard d=4 chiral superspace integral I =
∫
d4x(
∫
d2θ V +∫
d2θ V ).
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2.2. N=2 d=4 invariants
For the N=2 d=4 case, one finds that the maximum number of spinor indices on
JA1...A4(x, θ, θ̂) is four, and that [14]
J
αβγ̂δ̂
(x, θ, θ̂) = (γab)αβ(γ
ab)
γ̂δ̂
W (x, θ, θ̂), J
α˙β˙̂˙γ̂˙δ(x, θ, θ̂) = (γab)α˙β˙(γab)̂˙γ̂˙δW (x, θ, θ̂),
(2.11)
where α, β˙, γ̂,
̂˙
δ = 1 to 2, W and W are chiral and antichiral superfields satisfying the
constraints Dγ˙W = D̂˙δW = 0 and DγW = Dδ̂W = 0, and all other components of
JA1...A4 with four spinor indices are zero.
In a flat background, the only non-zero torsions are Tαβ˙
c = σc
αβ˙
and T
α̂̂˙βc = σcα̂̂˙β , and
the chirality conditions on W and W come from the constraints that
D(αJβγ)β̂γ̂ = D(α̂Jβ̂γ̂)βγ = D(α˙Jβ˙γ˙)̂˙β̂˙γ = D(̂˙αĴ˙β̂˙γ)β˙γ˙ = 0. (2.12)
As in the N=1 d=4 case, the vector components of JA1...A4 can be determined from
the spinor components of (2.11) using the constraints of (2.4). One finds that Jabcd =
ǫabcd(DαD
αD
β̂
Dβ̂W +Dα˙D
α˙D̂˙βD̂˙βW ), so the supersymmetric invariant
I =
1
4!
ǫabcd
∫
d4xJabcd =
∫
d4x(DαD
αD
β̂
Dβ̂W +Dα˙D
α˙D̂˙βD̂˙βW ) (2.13)
coincides with the standard N=2 chiral superspace integral I =
∫
d4x(
∫
d2θd2θ̂ W +∫
d2θ
∫
d2θ̂ W ).
3. Superform Method in Higher Dimensions
3.1. N=1 d=10 invariants
In any even spacetime dimension d = 2R, there is a natural generalization of the N=1
d=4 formula of (2.9) for the superforms. The generalization is that the maximum number
of spinor indices of JA1...Ad(x, θ) is R =
d
2 and that
Ja1...aRβ1...βR(x, θ) = (γa1...aR)(β1β2 fβ3...βR)(x, θ) (3.1)
where fα1...αR−2(x, θ) is a superfield satisfying the constraint
λβλα1 ...λαR−2Dβfα1...αR−2 = 0, (3.2)
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(γa1...aR)βγ = (γa1...aR)γβ is the self-dual
d
2 -form γ-matrix, and λ
α is a bosonic spinor
satisfying the condition that λγcλ = 0 for c = 0 to d− 1.
To show that (3.1) satisfies (2.4) in a flat background where the only non-vanishing
torsion is Tαβ
c = γcαβ, note that (3.2) implies that λ
γλβ1 ...λβRDγJβ1...βRa1...aR = 0. Since
λγcλ = 0, this implies that
D(γJβ1...βR)a1...aR = γ
c
(γβ1
Kβ2...βR)a1...aRc (3.3)
for some Kβ2...βRa1...aRc. If one chooses Jβ1...βR−1a1...aR+1 such that it is proportional to
Kβ1...βR−1a1...aR+1 , the first non-trivial constraint of (2.4) is satisfied. Furthermore, the
gauge invariance of (2.6) implies that Ja1...aRβ1...βR is defined up to the gauge transforma-
tion
δJa1...aRβ1...βR =
1
(R − 1)!
D(β1Λβ2...βR)a1...aR −
1
2(R − 2)!
γc(β1β2Λβ3...βR)a1...aRc. (3.4)
As in the d=4 case, components of JA1...Ad with more than
d
2 vector components can
be constructed from spinor derivatives of Ja1...aRβ1...βR of (3.1) by using the constraints of
(2.4). In a flat background, the supersymmetric invariant will therefore have the form
I =
1
d!
ǫa1...ad
∫
ddx Ja1...ad(x, θ = 0) =
∫
ddx
∫
(dRθ)δ1...δR fβ1...βR−2(x, θ) (3.5)
where the index contractions need to be worked out.
When d = 10, Ja1...a5β1...β5(x, θ) = (γa1...a5)(β1β2 fβ3β4β5)(x, θ) where fαβγ satisfies the
same constraints as in (1.1). To show that (3.5) reproduces the supersymmetric invariant
of (1.2), note that the gauge invariance of (3.4) implies that (3.5) is invariant under
δfαβγ =
1
2
D(αΣβγ) +
1
2
γc(αβΩγ)c (3.6)
where
Λa1...a5β1β2β3β4 =
1
4
(γa1...a5)(β1β2Σβ3β4), Λ
a1...a5c
β1β2β3
=
1
240
(γ[a1...a5)(β1β2Ω
c]
β3)
. (3.7)
In relating (3.4) and (3.6), one needs to use the d=10 identity (γc)(β1β2(γ
ca1a2a3a4)β3β4) =
0.
The gauge invariance of (3.6) implies that (3.5) only depends on the γ-matrix traceless
part of fαβγ and is invariant under
δ(λαλβλγfαβγ) = λ
αDα(λ
βλγΣβγ) = QN=1(λ
βλγΣβγ). (3.8)
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So (3.5) is independent of BRST-trivial deformations of λαλβλγfαβγ. Since the unique
state with three λ’s in the BRST cohomology is (1.9), (3.5) selects out the component of
λαλβλγfαβγ proportional to (1.9), and is therefore proportional to
T ((β1β2β3))[δ1...δ5]
∫
d10x
∫
(d5θ)δ1...δ5 fβ1β2β3(x, θ) (3.9)
of (1.2).
To generalize this N=1 d=10 supersymmetric invariant in a curved supergravity back-
ground, one first defines Ja1...a5β1...β5(x, θ) = (γa1...a5)(β1β2fβ3...β5)(x, θ) as in (3.1), but
where Dβ of (3.2) is now the spinor derivative in a curved background. One then needs
to compute the other components of JA1...A10 in terms of fαβγ(x, θ) using the constraints
of (2.4). Finally, one plugs the θ = 0 components of JA1...A10 into the supersymmetric
invariant
I =
1
10!
ǫm1...m10
∫
d10x eA10m10(x)...e
A1
m1
(x) JA1...A10(x, θ = 0) (3.10)
where eam(x) and e
α
m(x) are the ten-dimensional vielbein and gravitino.
3.2. N=2A d=10 invariants
In any even spacetime dimension d = 2R, a natural generalization of the N=2 d=4
formula of (2.11) is that the maximum number of spinor indices of JA1...Ad(x, θ, θ̂) is d = 2R
and that
J
α1...αRβ̂1...β̂R
(x, θ, θ̂) = (γc1...cR)(α1α2 fα3...αR)(β̂1...β̂R−2
(x, θ, θ̂) (γc1...cR)
β̂R−1β̂R)
(3.11)
where f
α1...αR−2β̂1...β̂R−2
(x, θ, θ̂) is a superfield satisfying the constraints
λγλα1 ...λαR−2 λ̂β̂1 ...λ̂β̂R−2Dγfα1...αR−2β̂1...β̂R−2
= 0, (3.12)
λ̂γ̂ λ̂β̂1 ...λ̂β̂R−2λα1 ...λαR−2D
γ̂
f
α1...αR−2β̂1...β̂R−2
= 0,
and λα and λ̂β̂ are bosonic spinors satisfying the conditions that λγcλ = λ̂γcλ̂ = 0 for
c = 0 to d− 1.
To show that (3.11) satisfies (2.4) in a flat background where the only non-vanishing
torsions are Tαβ
c = γcαβ and Tα̂β̂
c = γc
α̂β̂
, note that (3.12) implies that
λγλα1 ...λαR λ̂β̂1 ...λ̂β̂RDγJα1...αRβ̂1...β̂R
= 0, (3.13)
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λ̂γ̂ λ̂β̂1 ...λ̂β̂Rλα1 ...λαRD
γ̂
J
α1...αRβ̂1...β̂R
= 0.
Since λγcλ = λ̂γcλ̂ = 0, this implies that
D(γJα1...αR)β̂1...β̂R
= γc(γα1Kα2...αR)cβ̂1...β̂R
+ γc
(β̂1β̂2
K
β̂3...β̂R)cγα1...αR
, (3.14)
D
(̂γ
J
β̂1...β̂R)α1...αR
= γc
(̂γβ̂1
K
β̂2...β̂R)cα1...αR
+ γc(α1α2Kα3...αR)cγ̂β̂1...β̂R
,
for some choice of K’s with one vector index and d − 1 spinor indices. If one sets J ’s
with one vector index and d − 1 spinor indices to be proportional to these K’s, the first
non-trivial condition coming from (2.4) is satisfied. Furthermore, the gauge invariance of
(2.6) implies that f
α1...αR−2β̂1...β̂R−2
is defined up to the gauge transformation
δf
α1...αR−2β̂1...β̂R−2
= D(α1Σα2...αR−2)β̂1...β̂R−2
+D
(β̂1
Σ̂
β̂2...β̂R−2)α1...αR−2
(3.15)
+γc(α1α2Ωα3...αR−2)β̂1...β̂R−2c
+ γc
(β̂1β̂2
Ω̂
β̂3...β̂R−2)α1...αR−2c
.
As in the N=2 d=4 case, components of JA1...Ad with vector components can be
constructed from spinor derivatives of J
α1...αRβ̂1...β̂R
of (3.11) by using the constraints of
(2.4). In a flat background, the supersymmetric invariant will therefore have the form
I = ǫa1...ad
∫
ddx Ja1...ad(x, θ = θ̂ = 0) (3.16)
=
∫
ddx
∫
(dRθ)γ1...γR(d
Rθ̂)
δ̂1...̂δR
f
α1...αR−2β̂1...β̂R−2
where the index contractions need to be worked out.
When d = 10,
J
α1...α5β̂1...β̂5
(x, θ, θ̂) = (γc1...c5)(α1α2 fα3α4α5)(β̂1β̂2β̂3
(x, θ, θ̂) (γc1...c5)
β̂4β̂5)
(3.17)
where f
α1α2α3β̂1β̂2β̂3
satisfies the same constraints as in (1.4). However, since
(γc1...c5)α1α2 (γ
c1...c5)
β̂1β̂2
(3.18)
vanishes when α and β̂ are d=10 spinors of the same chirality, (3.17) can only be used
for the N=2A case. So there is no obvious way to construct the N=2B supersymmetric
invariant of (1.5) using the superform method.
To show that (3.16) reproduces the supersymmetric invariant of (1.5) for the N=2A
case, note that (3.15) implies that (3.16) is independent of the γ-matrix traceless compo-
nents of f
α1α2α3β̂1β̂2β̂3
and is invariant under BRST-trivial deformations of the form
δ(λα1λα2λα3 λ̂β̂1 λ̂β̂2 λ̂β̂3f
α1α2α3β̂1β̂2β̂3
) = (3.19)
QN=2(λ
α2λα3 λ̂β̂1 λ̂β̂2 λ̂β̂3Σ
α2α3β̂1β̂2β̂3
+ λα1λα2λα3 λ̂β̂2 λ̂β̂3 Σ̂
α1α2α3β̂2β̂3
).
Since the unique state with three λ’s and three λ̂’s in the BRST cohomology is (1.10), (3.16)
selects out the component of λα1λα2λα3 λ̂β̂1 λ̂β̂2 λ̂β̂3f
α1α2α3β̂1β̂2β̂3
proportional to (1.10), and
therefore reproduces the supersymmetric invariant of (1.5).
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3.3. d=11 invariants
Finally, it will be shown how to construct the d=11 supersymmetric invariant of (1.7)
using the superform method. Although there is no obvious generalization of the d=4
formulas to odd dimensions, one can construct the d=11 invariant of (1.7) by assuming
that the maximum number of spinor indices of JA1...A11(x, θ) is L = 9 and that
Jc
1
c
2
α
1
...α
9
(x, θ) = (γc
1
c
2
)(α
1
α
2
fα
3
...α
9
)(x, θ) (3.20)
where fα
1
...α
9
(x, θ) is a superfield satisfying the constraint of (1.6) that
λγλα1 ...λα9Dγfα
1
...α
9
= 0, (3.21)
(γc
1
c
2
)βγ = (γc
1
c
2
)γβ is the two-form d=11 γ-matrix, and λ
α is a bosonic spinor satisfying
the condition that λγcλ = 0 for c = 0 to 10.
To show that (3.20) satisfies (2.4) in a flat background where the only non-vanishing
torsion is Tαβ
c = γ
c
αβ , note that (3.21) implies that λ
γλα1 ...λα9DγJα
1
...α
9
c
1
c
2
= 0. Since
λγcλ = 0, this implies that
D(γJα
1
...α
9
)c
1
c
2
= γ
b
(γα
1
Kα
2
...α
9
)c
1
c
2
b (3.22)
for some Kα
2
...α
9
c
1
c
2
b. If one chooses Jα
1
...α
8
c
1
c
2
c
3
to be proportional to Kα
1
...α
8
c
1
c
2
c
3
,
one finds that the first non-trivial constraint of (2.4) is satisfied. Furthermore, the gauge
invariance of (2.6) implies that fα
1
...α
7
is defined up to the gauge transformation
δfα
1
...α
7
= D(α
1
Σα
2
...α
7
) + γ
c
(α
1
α
2
Ωα
3
...α
7
)c (3.23)
where the d = 11 γ-matrix identity (γc)(β1β2(γ
cd)β3β4) = 0 has been used.
As before, components of JA1...A11 with more than two vector components can be
constructed from spinor derivatives of Jc
1
c
2
α
1
...α
9
of (3.20) by using the constraints of
(2.4). In a flat background, the supersymmetric invariant will therefore have the form
I =
1
11!
ǫc1...c11
∫
d11x Jc
1
...c
11
(x, θ = 0) =
∫
ddx
∫
(d9θ)δ
1
...δ
9
fα
1
...α
7
(3.24)
where the index contractions need to be worked out.
As in the other cases, the gauge invariance of (3.23) implies that (3.24) only depends
on the γ-matrix traceless components of fα
1
..α
7
and is invariant under the BRST-trivial
deformation
δ(λα1 ...λα7fα
1
...α
7
) = Qd=11(λ
α
2 ...λα7Σα
2
...α
7
). (3.25)
11
Since the unique state with seven λ’s in the BRST cohomology is (1.11), (3.24) selects out
the component of λα1 ...λα7fα
1
...α
7
proportional to (1.11), and is therefore proportional to
T ((α1...α7))[δ1...δ9]
∫
d11x
∫
(d9θ)δ
1
...δ
9
fα
1
...α
7
(x, θ) (3.26)
of (1.7).
To generalize this d = 11 supersymmetric invariant in a curved supergravity back-
ground, one first defines Jc
1
c
2
α
1
...α
9
(x, θ) = (γc
1
c
2
)(α
1
α
2
fα
3
...α
9
)(x, θ) as in (3.20) where
Dβ of (3.21) is now the spinor derivative in a curved background. One then computes
the other components of JA1...A11 in terms of fα1...α7(x, θ) using the constraints of (2.4).
Finally, one plugs the θ = 0 components of JA1...A11 into the supersymmetric invariant
I =
1
11!
ǫm1...m11
∫
d11x eA11m
11
(x)...eA1m
1
(x) JA1...A11(x, θ = 0) (3.27)
where e
a
m(x) and e
α
m(x) are the eleven-dimensional vielbein and gravitino.
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